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Preserver Problems

Study mappings from a matrix space to a matrix space with some special

properties.

Exercise: Let S € M,, be invertible. Define L : M,, — M,, by
L(A)=S"1AS for all A € M,,.

Prove that
(a) L is linear, i.e., L(A+ B) = L(A) + L(B) and L(tA) =tL(A).
(b) L is multiplicative, i.e., L(AB) = L(A)L(B).

(¢) A and L(A) always have the same eigenvalues, determinant, rank, ....

Questions:

1. Characterize additive/linear/multiplicative maps L : M,, — M, such
that A and L(A) always have the same eigenvalues (determinant, rank,

2. What about additive/linear/multiplicative maps on triangular matri-
ces, nonnegative matrices, positive matrices, rectangular matrices?
[Try multiplicative preservers of rank/determinant /eigenvalues on 2 x 2

matrices!]

Motivations for studying these problems.

Results are elegant, problems are natural, proof techniques are inspir-

ing, the study may lead to other interesting subjects.

Some successful projects

* Isometries.
* Linear preservers of generalized numerical ranges and radii.

* Non-negative matrix set preservers (linear or multiplicative).



Matrix inequalities and optimization problems
1. (Numerical linear algebra) Suppose A € M4(R) such that A = A*,
A? = A, and tr A = 2. Show that there is a 2 x 2 principal submatrix
of A with all eigenvalues larger than or equal to 1/4.

2. (Quantum Dynamics) Prove that

max{ [tr C*UAU*| : U unitary} = 3v/3/2
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3. (Positive semi-definite programming) Suppose S is n X n symmetric
with smallest eigenvalue equal to 1. Characterize diagonal matrices
with positive diagonal entries D such that D=1SD + DSD~! has min-
imum eigenvalue > —2 (or any r € .).

4. (Operator theory) Suppose U is unitary. Prove that the largest eigen-
value of D(U + U*)D is not larger than that of D2U + U*D?.

5. (Polynomials) Suppose ug, u1, ..., u, € D, where
D={zeC:|z| <1}

Let U = diag(uq, ..., u,) and let J,, be the n xn matrix with all entries
equal to one. Show that (U —wugl,,)(l, — J,/(n+1)) has an eigenvalue
in D.
Some successful projects
*

max/min norms and condition numbers for matrices with prescribed
determinant and Frobenius norm.
* max/min determinant of certain (0,1) matrices with fixed row sums

and column sums.



Subspaces of matrices with special (rank) properties

There has been a lot of interest in constructing subspaces of mxn (nxn real
symmetric, Hermitian) matrices with certain rank (other general) properties
such as every nonzero matrix in the subspace has rank at most / at least /

exactly k for a fixed k& < min{m,n}.

Special cases include: singular matrix space, nonsingular matrix space, rank

k space.
One also wants to find the maximum dimension of such a subspace.
Some specific problems

1. Show that any nonzero real linear combination of the following matrices

has rank at least 3:
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2. Show that any nonzero real linear combination of the following matrices

has rank at least 4:
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Names of undergraduate students are in italics.
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