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Introduction
H,,: the set of n x n Hermitian matrices.

Denote the eigenvalues of A € H,, by
A(A) > >N, (A).
Theorem [Weyl] Let A, E € H,,. If 1 < j <mn, then
M(E) < N(A+E)—)N(A) < \(B).

Theorem [Liskii| Let A,F € H,. If 1 < j; < -+ < jm < m,
then
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A simple proof of Liskii’s result [Li and Mathias, 1999].

Step 1 [max-min characterization of eigenvalues]

If G, = the set of all k-dimensional subspace in C”, then

M (A) = Vrélgxk min{z* Az :z € V, 2z = 1}.

Proof. Let A =377, A\j(A)u;uj, the spectral decomposition.

If Ve Gk, then VNspan{ug,...,u,} # 0.

. . n
So, V' contains a unit vector y = Zj:k cju;, and

y Ay =31 A (A) < Ak(A).

Let V = span{uqy,...,ux}. If x = Z§:1 dju; € V is a unit

vector, then

T Ax = Zj L A5NG(A) > M (A) = uj Auy,.



Step 2 If F' is positive semidefinite, then
M(A+F)>M(A),  j=1,...n
Proof. For each k,

A (A) = max min{z*Ax :x € V, 2%z =1}

< max min{z*(A+ Flx:x €V, 2"z =1}
VeG, k

=\(A+ E).



Step 3 Suppose 1 < j1 < -+ < jm < 1 are given.

Assume \,,(E) = 0. Else, replace (A, E) by (A —~I, E —~I)
with v = A\, (E) so that both sides of

Z:ll[kjt (A + E) o >\jt (A)] < Zgil At(E)
are reduced by mA,,(F).
If £ = Z?:l )\J(E)fj ;, set E_|_ = Z?:l )‘j (E)fj ;,

then I/y — E and E. are positive semidefinite so that



Perturbation of block Hermitian matrices

H, FE*

LetA:(E i,

) have eigenvalues Ay > --- > A\,
Y H1 O . N N
_ > . .0> )\
A ( O H2> have eigenvalues A\; > > Ak
Suppose
| E|| is the spectral norm of the matrix F,

Sp (X)) is the spectrum of the square matrix X,

n = min{|u1 — p2| : p1 € Sp (Hy), p2 € Sp (Hz)}
= the spectral gap between the spectra of H; and Hs.



~

There are two kinds of perturbation bounds on |\; — A;|:
1. [X; — Xi| <||E||, and

2. [N = Xl < (B2 /n
if there is gap 1 between Sp (H1) and Sp (Ha).

The first bound overestimates the changes when ||E|| < n.

The second bound blows up when 7 is small.
Our goal is to show that for : =1,...,k,

2 £

‘)\i_xi‘ < :
n+ 1?2 + 4| E|]?

and obtain similar bounds for singular values of matrices under

block perturbations.



Theorem Consider the Hermitian matrices

_(Hy FE7 .
A= ( 5 H2> have eigenvalues M > --- > Ag, and

5 H1 O . N
= S
A ( O H2> have eigenvalues M > AL

where Hy € M,,,, Hy € M,,. Fori=1,...,m+n,

2| E® - 2| E®

i = Aif < 2 7 — 2 2’
i+ v/ TAIEI2 T n+n? +4]E]|

where

= {min{@ —pl:p€Sp(H)} if A € Sp(Hy),
min{|A\; — p| : p € Sp(H2)} if \; € Sp (Hy).



Ideas of proof.

For k =1 or m 4+ n, use a clever Schur complement argument

and some calculus.

For 1 < £ < m + n. Use induction on a judicious choice of

compression with interlacing inequalities.



Details of proofs.

* Replace A by (Uy ® Us)*A(U; @ Us) by suitable Uy & Us
so that H; and H, are diagonal matrices with diagonal

entries arranged in descending order.

* Perturb the diagonal entries and assume that they are dis-

tinct; treat the general case by continuity.

If m +n = 2, direct computation; the matrix A = ((j ;)

has eigenvalues
_ atfEy/(atf)?—4(af—e?)
AL = 5

a+5:|:\/(a—5)2+462
5 .

Assume that m + n > 2, and the result is true for Hermitian

matrices of size at most m +n — 1.
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Suppose A = Hy B . Then A\I — A has zero as
E Hy

the smallest eigenvalue. Assume \; occurs in H;. By Schur

complement, A1 — A is congruent to
(M1 — Hi) — E*(MI, — Hy)'E] & (M1, — Ha)
has zero as the smallest eigenvalue. So,
01 =M — M =AMLy — Hy) < M (E*(\I, — Hy) 7 LE).
Hence
01 S M(E*(Mln — Ha) 7 E) < B[/ (61 + m).
and

o 2Bl
=+ + 4B
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Next, suppose 1 < k < m+n. The result trivially holds if
A\ = X@ So, assume that Xz > \;.
Otherwise, replace (A, A, i) by (—A, —Am—+n—i+ 1).

Delete the row and column of A that contain the diagonal entry

~

An to get
~ (H, E*
A= U4
(% )
with eigenvalues v; > .-+ > v,1—1. By the interlacing in-

equalities \; > v; and hence

}V\i—)\z‘ §Xi—yi. (1)

Now, A; is the ¢th largest diagonal entries in A and

M = MNi-
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Also, note that ||E|| < ||E||. Thus,

X — Ml =X — N because A; > A;
<\ — v by (1)
2\ E||?
< IZ] — by induction assumption
A+ /72 + 4] B2

2|l £

m+ 72 + 4B

1 ~
= SR+ 4IER

because 7; > n;

IA

1 .
5\/"73 +A4[|E[]* —n:  because [|El| < [|E]

_ 2B
m+ Vi +AIEP
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Singular values

Denote the sequence of singular values of a complex px ¢ matrix
X by 0(X) = (01(X),...,0k(X)), where k = max{p, q}.
Theorem Let

(G1 By ~ (G O :
B = ( B, Gg) and B = ( O G2> have singular values

o1 >09>--->0,and o1 > g9 > -+ > 0,, respectively,

where G1 € M, ., G2 € M,, y are non-trivial,
and r = max{m + n, k + (}.

Define € = max{||E1|, || F2||}, and

min |o; — p| if 0; € 0(Gy),

o MEO’(GQ)
i = min |o; — p| if 0; € 0(Ga),
uco(Gy)
and 1 = MmNy <i<m+4n M-
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Then for ¢ =1,2,--+,min{m + n, k + £}, we have

2¢? 2¢?

< Y
M+ /0 +4€2 T n+\/n? + 4€?

and o; = o; = 0 for ¢ > min{m + n, k + ¢}.

o, — 0] <

Theorem Suppose B = (G E) and B = (G O) are p X ¢

matrices with singular values
01>+ 2 Omax{p,q} and 012> ... 2> Omax{p,q}s

respectively. Then for ¢ = 1,..., min{p, ¢},

2| E|)*
26; + /02 + 4|| E||2

IA

o5 — 03|
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Thank you for your attention!
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