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1. Sum of Hermitian (Real Symmetric) Matrices

Let H,, be the set of n xn Hermitian matrices, and let X € H,,.
Denote by

AMX) = (A (X),.. ., (X)) with A (X) > > A\ (X)
the vector of eigenvalues of X.

Problem Let A, E € H,, and A = A+ E. Determine inequal-

ities relating the eigenvalues of A and those of A and E.



Some well known inequalities

[Weyl] Ao (E) < Xi(A) = \i(A) < M(B).

[Liskii-Mirsky-Wielandt] Suppose 1 < i3 < --- < iy, < n and
1 <51 <+ <Jm <n. Then

> st (B) < 30 (A) = Ay, (4)) < YA,

Consequently, for any unitarily invariant norm || - || we have

|A— Al <|E].



[Freede and Thompson| Suppose 1 < i1 < -+ < iy, < n and
1<ji < <jJm<n. If(ip+ jm —m <n), then



The complete answer

Theorem [Klyaschko 1998, Fulton 1998] There exist A, B,C' €
H,, such that C = A + B,

AMA) = (a1, yan), N(B) = (b1,...,bn), AM(C) = (c1,...,¢n)

if and only if

ch — Z(as + bs)

s=1

and for any (Jy, J1,J2) € LR}, with m <n

chgz%-—i—ij.

71€Jo jeJ1 JjEJ2



LR Sequences

Let [n] = (1,...,n) and J = (j1,...,7Jm) be an increasing
subsequences of [n], i.e., 1 < j; < -+ < jmy < n. Define

p(J) = (Gm —m,... 51— 1).

Suppose Jy, J1,Jo are increasing subsequences of [n]. Then
(Jo,J1,J2) € LR} if the Littlewood-Richardson coefficient

cZEj&’gu(h) of the three partitions u(Jy), u(J1), and u(Jz) is

positive, i.e., u(Jy) can be generated from u(Jy) and p(J2)

according to the Littlewood-Richardson rules.



Littlewood-Richardson rules
Display u(Jo) = (r1,...,7mm), u(J1) = (s1,...,5m), and
u(Jz) = (t1,...,tm) as Young diagrams. Add t; + -+ + t,
entries from {1,...,m} to the rows of the Young diagram of
1(J1) to generate the Young diagram of u(Jy) so that:
1. The entries ¢ occurs exactly t; so many times.
2. The entries in each row is weakly increasing from left to
right.
3. The entries in each column is strictly increasing from top
to bottom.
4. For any p with 1 < p < 3777 ¢;, define p(i) to be the
number of 7 in the first p assigned values counting from
right to left and top to bottom, we have p(i) > p(i + 1).



Example Suppose

(3,2,2,0).

(574737 1)7 M(Jl) — (3727 170)7 N(JZ)

1(Jo)

1
2

— ™M

*x



Example ((jo), (j1), (J2)) € LRY if and only if jo = j1 +j2—1.

Example If J; = (i1,...,9,) and Jo = (j1,...,Jm) satisfy
im + jm —m <n, then Jo = (i1 +j1 — 1,...,0m + jm —m) is

admissible.

Problem Generate the (Jy, J1, J2) sequences efficiently.



Remarks

By the results of Horn, Fulton, Knutson and Tao, etc.

* One can focus on (Jy, J1, J2) sequences with LR coefficient

equal to one.

* One can use the Horn’s consistent sequences (R,S,T),

which is defined recursively.



Definition of consistent sequences

Let R=(r1,...,7m),S = (S1,..-,8m), T = (t1,...,tm) € [n].
1. Form>1,> " re+m(m+1)/2=>"(se+te).
2. If m > 1, then for any consistent triple (U, V, W):

U= (Ui, . Um), V=(01,...,0m), W= (wy,..., W)

with m’ € {1,...,m — 1}, we have

St Tuy +m/ (M) +1)/2> 570 (Su, + t,)-



Extension to the sum of »r matrices

(Hermitian, real symmetric, quaternionic)

There are Aq,..., A, € H,, with A\(4;) = (ags),...,aff)) for
s=1,...,r,and A(D_A4,) = (ago), . ,aq(zo)) if and only if

0) _ (s)
2.0 =22,
J s J
and for any (Jo, J1,...,J) € LR} (r) with m <n

> <33 ald)

1€Jo s=1j€eJ;



Note It is amazing that the set of inequalities are the same for

complex Hermitian and real symmetric matrices.

For example, let S,, be the set of n X n real matrices, and
let w = €™/ and D = diag (1,w,...,w""'). Then for any
AesS,,

diag (4) = L (S)_, DIA(DI)") = L(Ay ++-- + Ay),

where A\(A,;) = A(A) for all j. So, the eigenvalues inequalities
hold, and there are By,...,B, € S,, with A\(B;) = A(A) such
that

diag (A) = 2(B1 + - + By).

But even for n = 3, we don’t know how to construct By, By, B3!



Question Can one derive an algorithm to do this?

How about a specific example?

S

I
_— N A~
_— W N
—_ = =

Find Bl,BQ,B?, € Sg with )\(A) = )\(Bl) = )\(BQ) = )\(Bg)
such that

1
= §(Bl + By + Bs).

SO =
o Ww o
_— o O



2. Principal Submatrices of a Hermitian Matrix
Problem Study the relations between the eigenvalues of A €
H,, and those of its principal submatrices.

Well known special cases

* [Schur-Horn] There is A € H,, with the vector of diagonal
entries (di,...,dy,) if and only if it is majorized by A(A).

* [Fan-Pall] There is A € H,, with an m X m principal
submatrix B € H,, such that \(4) = (aq,...,a,) and
AB) = (b1,...,by) if and only if

aijjZan_m+j forjzl,...,m.



Al *
E S AQ

AMA) = (a1,...,ay), A1 € Hy with A\(4;) = (agl),...,a,({;l)),
and As € H,,_;, with A\(A3) = (a§2), al ) if and only if

' 'n—k

o= Yol + Yl
J J J

Theorem [LP, 2003] There is A = ( ) € H,, such that

and for any (Jo, J1,J2) € LR}, with m <n

Z (a; —ap) < Z (agl) — an) + Z (a§-2) — an) ,

J€Jo Jj€J1 JjEJ2

here a§.8) = a, whenever j > ng.



Theorem [LP, 2003] Suppose n; + - - - +n, = n. There exists
A = (Aij)i<ij<r € H, such that A\(4) = (a1,...,a,), and

Aj; € Hy,, with M(A;;) = (agj), . ,a%)) for j=1,...,rif and

only if
DI
j s

and for any (Jo, J1,...,J) € LR} (r) with m <n

Z (a; —an) < i Z (agfs) —an) :

jE€Jo s=1j€eJs

here aés) = a,, whenever j > ng.



Remark One can reduce the list of inequalities.
* For each s = 1,...,r, only consider J, = (j%s) ...,jf;f))

Y
such that either jq(;f) < ng or the last p terms have the

form: ng+ 1,ns+2,...,ns + p.
* We did the case when n; < 2.

Notation Suppose A;; € Hy has eigenvalues ali) > agi) for

1 <7 <m, andA,&-,-:[agi)]EHl form+1<i<n-—m Let

(i1, -+, im) be a permutation of (1, ---, m) such that agl) >
I agim)_ For any subset R C {1, ---, m} with |R| = r, let

bl > ... > bl . be the eigenvalues of DigrAi.



Theorem There exists A = (A4;;) € H,, with eigenvalues ¢; >

- > cp, such that A;; € Hy has eigenvalues agi) > aéi) for
1 <i<m,and A;; = [agi)] cH; form+1<i<n-—mifand
only if

n n—m ) m )
Zc@- = Z af) + Zag)
i=1 i=1 i=1

and for any (s,t) € {0,---, m} x {0,...,n — 2s} with 0 <
s+t < n and any s element subset S C {iy, ---, ip} with

¢ = min{m, s + t}, we have

s+t+1

t t
Zci+ Z c; > Zaé‘j) +be.
i=1 i=1

i=t+2 jeSs



3. Off-diagonal blocks

Problem Study when a matrix X € Mj ,_; can be the off-

diagonal block of a matrix C' € H,, with prescribed eigenvalues.
x X

X* %

(c1,...,cn) if and only if there are (for any) unitary matrices

Ue M, and V € M, _;. the matrix

Observation There is C' = ( > € H, with \(C) =

C = ((U;V)* U)*(V> e H,, with \(C) = (c1,...,¢n).

Denote by s(X) = (s1(X),...,sk(X)) the vector of singular
values of X € My, with entries arranged in descending or-
der.



Theorem [LP, 2003] Let ¢; > --- > ¢, and s1 > -+ > s, > 0

be given, where k < n/2. The following are equivalent.

* X
X* %
AMC) = (c1y...,¢n) and s(X) = (s1,...,5k).

(a) There is C' = ( ) € H,, such that X € My ,,_g,

(b) There exist C1,C5, S € Hj such that C7 — Cy > 285,
where A\(C1) = (¢1,...,¢ck), AM(C2) = (¢n—k+1,---,Cn), and
A(S) = (s1,...,5k)-

(c) For each (Jy, Ji,J2) € LRE with m <k

QZSj S ch_ ch—j—H'

71€Jo JjeJ1 JEJ2



Some consequences
*k
X+
Then for any contractions R € M and T € M,,_;, there

: ~ * RXT
exists C = <(RXT)* .

* Suppose C' = ( )*() € H,, with A(C) = (¢1,...,¢n).

) e H,, with A\(C) = \(C).

* In particular, taking RXT = tX with ¢t € [0, 1], we see that
the set of matrices X € My, which appear in the right
top corners of matrices C' € H,, with eigenvalues cq,...,c,

is star-shaped with the zero matrix as the star-center.

* [CLP, 2003] The set is convex if and only if (cy,...,ck)
and (¢p—g+1,--.,Cn) are arithmetic progressions with the

same common difference.



4. Complex Symmetric Matrices

Problem
Study the singular values of the off-diagonal blocks of com-

plex symmetric and general matrices.

Surprise
Sometimes, there are not much difference between complex

symmetric or general matrices with real symmetric matrices!



Theorem [FFLP, ’04] Let v; > --- >y, and s1 > --- > s, > 0

be given, where k < n/2. The following are equivalent.

()

(b)

There is a symmetric matrix C' = ( ;t )*() € M, with
X € Mg pn—t, s(C)=(71,---,7) and s(X) = (s1,..., Sk).

There is C' = (; 1;) € M, with S(C) = (’71,--->’Yn)

such that Y, Z € M ,,— have a combined list of singular

values: s, S1,592,89,..., Sk, Sk-

There exists a real symmetric matrix C' = < ;t if) such

that X € My p—r, AMC) = (71, —v2,73 ..., (—1)"y,) and
s(X) = (s1,.- -, k).



: : : X
(c) There exists a real symmetric matrix C' = ( ;t i ) such

that X € My p—x, AM(C) = (71, —v2,73...,(—1)"y,) and
s(X) = (s1,.- -, sk).

(d) There exist C1,Cs, S € Hy, such that C; +Cy > 25, where

)\(01) = (71,73---,C2k—1)a A(Cz) = (72,74,---,7%), and
A(S) = (s1,...,5k)

(e) For each (Jo, J1,JJ2) € LRF, with m <k

2 Zjejo Sj < Zje.]l V2j-1 + Zjeb Y25



Some cornsequerces

*If X € My p—p is the (1,2) block of a matrix in H,, with

eigenvalues values ci,..., ¢y, such that |c1| > -+ > ¢y,
then X is the (1,2) block of a matrix in H,, with eigenval-
ues |c1], —|eal, |cs|, —|eal, - - -

*If A, B,C € H,, satisfies C = A+ B and the combined
list of eigenvalues of A and B is y7 > -+ > 7o,, then
C = A + B such that

AA) = (71,73, - - - 2n—1) and A(B) = (72,74, - - - » J2n)-
* Same result work for Ag = A, +---+ A,.

A; has eigenvalues V1, Vrit1, Y2r41, - - -
Ay has eigenvalues v, V12, Y2r+2, - - -

As has eigenvalues 73, V13, Y2113, - - -



5. Future research
* Determine numerical algorithms to do the constructions.

* Study the relations between the singular values of comple-

mentary blocks.

* Study the relations between the singular values of C' and
those of S, or those of R and T', for

-(2 %)

* Study the implications of these results in the real world!



Thank you for your attention!



