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Preserver problems

Let M be a vector space or algebras of matrices or operators.
Characterize ¢ : M — M with some special properties:

(a) f(¢(A)) = f(A) for all A€ M, where f is a given function on M;
(b) ¢#(S) C S or ¢(S) = S for a certain subset S C M;

(c) ¢(A) ~ ¢(B) in M whenever A ~ B in M for a relation ~ on M.

Very often, ¢ is assumed to be linear, additive, multiplicative, analytic,
injective, surjective, unital ....
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det(A) = det(¢(A)) for all Ae M,
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Some classical results

Theorem [Frobenius, 1897] A linear operator ¢ : M, — M,, satisfies

det(A) = det(¢(A)) for all Ae M,

if and only if there are M, N € M,, with det(MN) = 1 such that ¢ has
the form
A— MAN or A— MA'N.

Theorem [Dieudonné, 1949] A bijective linear map ¢ : M, — M, map-
ping the set of singular matrices into itself has the form

A— MAN or Aw— MA'N
for some M, N € M, with det(MN) # 0.



Theorem [Hua, 1951] A bijective map ¢ : M, — M, satisfies the con-
dition that

rank (¢p(A) —¢p(B)) =1 <= rank(A—-—B) =1

if and only if there are M, N, R € M, with det(MN) %= 0 and a complex
field automorphism o such that ¢ has the form

(aij) = M(c(a;j)))N+R or (a;)— M(o(a;;))'N + R.
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Determine the structure of . 1.e., mappings 1" on
square matrices (or operators) such that

A and T'(A) always have the same spectrum.

Theorem [Marcus & Moyls, 1959]
Linear preservers of eigenvalues/spectrum on matrices have the stan-
dard form

T(A) =S~ 1As for all A € My, (S1)
or

T(A) = S~ 1Als for all A € My, (S2)

Theorem [Jafarian & Sourour, 1986] (see also [Semrl, 2002])
The same conclusion holds for surjective linear preservers of spectrum
on B(X).
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Theorem [Bai and Hou, 2003]
Suppose M; is a standard operator algebra in B(Xj;) for j = 1,2. If
T : M1 — Mo is surjective such that

Sp(A+uB) =Sp (T(A) + uT(B))

for all uw € {1,2} and A, B € My, then T is linear and has the standard
form.

The function Sp can be replaced by point spectrum, continuous spec-
trum, left invertible spectrum, etc.
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Theorem [Baribeau and Ransford, 2000]
Continuously differentiable preservers of spectra on M, are local auto-
morphisms, i.e.,

T(A) = S, AS,.

So, T preserves the Jordan forms of matrices. Here S§4 depends on A,
and the strategic choice of S4 results in a continuous map.
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Question What if we just assume that T : M,, — M, preserves the
eigenvalues or spectra of matrices?

Partition M,, by the equivalence relation ~ such that A~ B if

A and B have the same spectrum/eigenvalues/Jordan forms

Then T preserves the spectrum/eigenvalues/Jordan forms of matrices
as long as T' maps each equivalence class into itself.

We need to impose some mild assumptions !
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Theorem [Molnar, 2001] Let M = M, or B(X), and let T : M — M
be a surjective map satisfies

Sp(AB) =Sp (T(A)T(B)) for all A, B € M.
Then there is an invertible S and with £ € {—1,1} such that
T(A) = ¢S~ 1AS for all A e M (S1")
or

T(A) =¢S5~ 1AlS for all A e M. (52"

Note that the (modified) standard form (S2') is now admissible.

Theorem [Hou and Huang, 2005] Let M = M, or a standard operator
algebra in B(X) and let T : M — M be a surjective map satisfies

Sp(ABA) =Sp(T(A)T(B)T(A)) for all A,Be M
has the form (S1') or (S2') for some scalar &€ with €3 =1.



Theorem [Chan, Li, Sze, June 2005] Let M = M, or Hy,,, and let Ax B
denote the product

(i) AB, (ii) ABA, or (iii) AB + BA.
A map T : M — M satisfies
Sp(AxB) =Sp(T(A)*T(B)) for all A,B e M

if and only if there is an invertible (respectively, unitary) S such that T
has the form

T(A) =¢S5~ 1AS for all A e M,
or
T(A) = ¢S 1ALS for all A € M,

where €2 =1 for cases (i) and (iii), and &3 =1 for case (ii).
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Idea of proof.

1. If T preserves eigenvalues, then it satisfies
tr (T(A)T(B)) =tr(AB) for all A, B,

which implies that 7T is invertible linear, and has the standard form.
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Idea of proof.

1. If T preserves eigenvalues, then it satisfies
tr (T(A)T(B)) =tr(AB) for all A, B,
which implies that 7T is invertible linear, and has the standard form.
2. Consider the restriction of T° on the dense subset & of matrices

with distinct eigenvalues. Then T equals a linear map L4 on each
neighborhood of a matrix A € S.

3. Show that Ly = Lg forall A, BeS. So, TT=L on S§.

4. Modify T and L so that L(X) = X for all X € S. Then use the fact
that

Sp (T'(X)T(A)) =Sp(XA) =Sp(L(X)A) =Sp (T(X)A)
for all Ae M and X € § to show T(A) = A for all A e M.
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Theorem [CLS, June 2005] Suppose M = M, or H,. Let (i1,...,im)
be such that {i1,...,im} ={1,...,k} and there is a (special) i, which is
different from all other 75. Define

Ap sk Ay = Ay, oo Ay

m

or
Al*"'*Ak::Ail"'Aim‘I'Aim"'Ai
If T : M — M satisfies

1

SD(T(A]_)**T(Ak))ZSD(A]_**Ak) VAl,...,AkEM,

then there exist an invertible/unitary S and a scalar £ with €™ = 1 such
that

T(A) = ¢S~ 1AS for all A e M (J1)
or

T(A) = ¢S 1ALS for all A € M. (J2)
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Theorem [CLS, June 2005] Suppose M = M, or H,. Let (i1,...,im)
be such that {i1,...,im} ={1,...,k} and there is a (special) i, which is
different from all other 5. Define

Ay - x Ap = Ay - Ay,
or
Ay koo Ay = Ay - Ay + Ay, A
If 7 : M — M satisfies
Sp(T(A1)*---xT(Ar)) =Sp (A1 *x---xAr) VAq,...,Ap € M,

then there exist an invertible/unitary S and a scalar £ with £ = 1 such
that

1°

T(A) = ¢S1AS for all A e M (J1)
or
T(A) = ¢S 1ALS for all A € M. (J2)

The form (J2) can happen if and only if

(ilv'”vi?“—lvir—l-l s ,'I/m) — (im,...,i,r._l_l,ifr,...,il).
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Example Suppose A+x B = AABB. Then we can define T so that
T(X) = I whenever X2 =1, and T(X) = X otherwise.
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Example Suppose A+x B = AABB. Then we can define T so that
T(X) = I whenever X2 =1, and T(X) = X otherwise.

Extension to the infinite dimensional case

Theorem [Hou and Li, November 2005] Let M; be a standard operator
algebra of B(X;) or the real space of self-adjoint operators in B(H;) for
1=1,2. If T': M1 — Mo is a surjective map satisfying

Sp(T'(Ay) *---*T(Ag)) =Sp(Ag *---x Ag)

for all Aq,..., A € My such that rank(A1 *---x A;) < 2, then T has
the standard form (J1) and (J2), i.e., T is a unit multiple of a Jordan
isomorphism.
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Example Suppose A+x B = AABB. Then we can define T so that
T(X) = I whenever X2 =1, and T(X) = X otherwise.

Extension to the infinite dimensional case

Theorem [Hou and Li, November 2005] Let M; be a standard operator
algebra of B(X;) or the real space of self-adjoint operators in B(H;) for
v =1,2. If T": M1 — Mo is a surjective map satisfying

Sp(T(A1) *x---*xT(Ag)) =Sp (A *---x Ag)

for all Aq,..., A € My such that rank(A1 *---x A;) < 2, then T has
the standard form (J1) and (J2), i.e., T is a unit multiple of a Jordan
iIsomorphism.

Note that (J2) can only happen when X7 and X» are reflexive.

13



Idea of proof.
1. Reduce to the special cases of A« B= ATBA® or ATBA° 4+ A°BA".
2. Show that the images of rank one operators have nice form.

3. Use the result on rank one operators to show that the images of
other operators also behave well.

4. Deduce the restriction on X1, X, if (J2) holds, and deduce the
condition on (j1,...,7m) in the general case.

14



Further research

1. Can we get the conclusion of Hou and Li if

for all Aq,..

Sp(T(Ay) *---*T(Ag)) =Sp(Ar*---x Ag)
., A € M4 such that rank(Aq*---x Ap) <17
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Further research

1. Can we get the conclusion of Hou and Li if

Sp (T'(A1) *---xT(A)) =Sp (A *---*x A)
for all Aq,...,Ar € M4 such that rank(Aq *---%x A) <17

2. Solve the problem for other types of operations A « B such as

Ax*xB= A+ B,A— B,AB — BA.

3. How about replacing “Sp” by other functions such as the spectral
radius, numerical range, numerical radius, the spectral norm, etc.?

4. Determine the structure of T such that

AB is nilpotent if and only if T(A)T'(B) is nilpotent.

5. How about the problems on triangular matrices, nest algebras, gen-
eral linear groups, or other semi-groups of matrices or operators?
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An invitation

(Commercial time)

You are welcome to join the club of preserverists!

There is no membership fee, and you can do whatever you want.

Thank you for your attentionl!!!
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