               HIV and the Immune System                                                          Janet Cady
    The immune system is one of the most important functions in the body. It is used to detect bacteria and viruses (among other things) that should not be in the body. When the immune system doesn’t work, the usual result of infection is death. We can use mathematical models of the growth of virus populations to try to map out the course of the diseases to learn more about them. Being able to model common lethal viruses, such as HIV,  may help reveal ways to treat them. 

   Viruses are not capable of reproducing on their own. They are packets of genetic material with a protective protein coating. They contain none of the cellular machinery which is necessary to replicate their genetic material. To reproduce, they invade cells of another organism and insert their genetic material in the cell. When that cell replicates its DNA, the virus DNA is replicated as well. This will result in the production of more viruses that will burst out of the cell and kill it. To model the scenario, we can use three equations where V is the number of virus particles, X is the number of uninfected cells, and Y is the number of infected cells.
      dV/dT= aY-bV

      dX/dT=c-dX-βXV

      dY/dT= βXV-fy

In this system, b, d, and f are the death rates of viruses, uninfected cells and infected cells respectively. The terms a and c are the production rates of viruses and infected cells. Since viruses are only produced from infected cells, their reproduction rate is proportional to the number of infected cells. The term βXV is the rate of infection. Since the cells are going from uninfected to infected, this term is negative for dX/dT and positive for dY/dT.  The basic reproductive ratio of the virus is will depend upon the rate of infection and the production rate of viruses, as well as the death rate of the virus and the death rate of infected cells. Since the viruses need a source of uninfected cells to infect, their reproduction will also depend on the production and death of uninfected cells. Taking all of these factors into account, we come up with a reproductive ratio of R0=βca/dbf. 
   We can use nondimensionalization to make these equations easier to work with. We use the substitutions x=Xd/c, y=Yd/c, v=Vbf/ac, and t=dT to get:

      dV/dT=(dv*ac/bf)/(dt/d)=a*cy/d-b(vac/bf)
                  (d/bf)*dv/dt=y/d-v/f

                  (d/b)*dv/dt=yf/d-v

    dX/dT=(dx*c/d)/(dt/d)=c-d(c/d)x-β(cx/d)(vac/bf)

                  dx/dt=1-x-(βca/bdf)xv

                  dx/dt=1-x- R0xv
    dY/dT=(dy*c/d)/(dt/d)= β(cx/d)(vac/bf)-f(cy/d)
                 dy/dt=R0xv-fy/d

Using the new variables ε=d/b and α=f/d, our equations become

  εdv/dt=αy-v    dx/dt=1-x- R0xv      dy/dt=R0xv- αy
These simplified equations can then be used to find the steady states of each population. We do this by setting all three equations equal to zero and solving for all of the variables.

0= (αy-v)/ ε → 0= αy-v → v*= αy
0=1-x- R0xv → x+ R0xv=1→ x*=1/( R0v+1)

0= R0xv- αy = R0xv-v=v(R0x-1) →  R0x-1=0 → x*=1/R0 
1/R0=1/( R0v+1) →  R0=R0v+1 →  v*=1-1/ R0
Our steady states are v*=1-1/ R0, x*=1/R0, and y*=(1/α)(1-1/ R0). The steady states of all three populations are dependent upon the reproductive ratio of the virus. If R0>1, then the virus will spread. 
We can graph the populations of the virus, infected cells, and uninfected cells using Matlab. In the first case, we use the initial condition x(0)=0.99, y(0)=0.005, and v(0)=0.005 and the parameters α=8, ε =0.00556, and R0=1.7. According to our solution of the steady states, the populations become x*=0.588, y*=0.051, and v*=0.412, which they do on the graph as well.
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There is an initial spike in the virus population which then crashes. This can be explained by the virus killing the infected cells which will produce more viruses, but then they will have to infect more cells before more viruses can be produced. The drop in the number of uninfected cells corresponds with the increase in the number if viruses. These oscillations continue until all of the populations go to their steady states. The virus does not infect all of the cells, because it needs cells to infect so it can keep reproducing.
By decreasing R0 to 0.8, we can see that the populations of the infected cells and virus will go to zero and the uninfected cells will go to their steady state x*=1.25.
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    This model shows how a virus can progress through the body when there is nothing stopping it, however that is not usually how it occurs. In most cases the host organism will have an immune system to get rid of the virus. There are different ways the immune system can work to get rid of the infection. B cells, which are produced in bone marrow, get rid of free viruses in the body. The other way the immune system gets rid of foreign invaders is to kill cells that have already been infected. This is done by the cytotoxic T cells which are produced in the thymus gland.  A second model of viral infection takes into account the effects of the immune system. The model only includes the effects of the cytotoxic T cells. If Z represents the T cells, g is the production rate of the T cells, h is the death rate of the T cells, and γYZ is the rate at which the immune system kills the infected cells, our new equations are:
          dV/dT= aY-bV

          dX/dT=c-dX-βXV

          dY/dT= βXV-fy-γYZ

         dZ/dT=g-hZ
We nondimensionalize this system like the first one using the same variable changes as before, but using the change z=Zh/g as well. The nonmdimensionalized forms for x and v are the same as in the first model. dY/dT becomes dy/dt= R0xv-αy-kyz. There is a new parameter k= γg/dh. To nondimensionalize the last equation, we use the change of variable above and get dz/dt=λ(1-z)  where λ=h/d. The same method from earlier can be used to find the steady states.
0= (αy-v)/ ε → 0= αy-v → v*= αy

0=1-x- R0xv → x+ R0xv=1 → x*=1/( R0v+1)

0= λ(1-z)  → 0=1-z   z*=1

0= R0xv-αy-kyz → 0=R0xαy-αy-ky → 0= R0xα-α-k → x*= (α+ k)/R0α=1/R’0
1/R’0=1/( R0v+1) → R’0=R0v+1 → v= R’0-1/ R0 → v*= α/(α+ k)(1-1/ R’0)
So our steady states are v*= α/(α+ k)(1-1/ R’0), y*= 1/(α+ k)(1-1/ R’0), x*=1/R’0, and z*=1.
We have a new term R’0= R0α/(α+ k). This is the new reproductive rate of the virus.  If the immune system is doing its job, then R’0 will be less than 1and  k>α(R0-1). 
    We can graph this scenario using Matlab as well. Using the initial values x(0)=0.99, y(0)=0.005, v(0)=0.005, and z(0)=0.3 and the parameters α=8, ε=0.00556, R0=1.5, k=10, and λ =0.02.  In this case R’0=0.667 and α(R0-1)=4<10, so the immune system will successfully clear the virus from the body as we can see in the graph. 
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In another case we decrease the value of k to 0.1 and keep all of the other parameters the same. We can see that the immune system does not clear the virus since k=0.1<4 and R’0=1.48. All populations will reach their steady states of x*=0.676, y*=0.04 v*=0.32.
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    This scenario is similar to what happens in the disease HIV. The virus infects immune system cells, specifically the helper T cells. These are the cells that are in charge of detecting invaders in the body and alerting the cytotxic T cells as well as the B cells that they need to start reproducing to launch an attack. If the helper T cells have been infected by HIV, then they are no longer able to alert the T cells, which will decrease the term g, the reproduction rate of the cytotoxic T cells. Since k=γg/dh, and a decrease in g will decrease k if all other parameters stay the same. 
    In the graph above, k has been reduced by a factor of 100. The shape of the graphs of the uninfected infected and virus populations more closely resemble the graph of the first situation in which the immune system was not included. This is what we would expect based on the factors that have been included. In reality, the population of the immune system cells would not grow as quickly as it does in the graph due to the depletion of helper T cells that would normally trigger the production of cytotoxic T cells.
   The decrease in k opens the door for opportunistic infections. In the advanced stage of HIV, know as AIDS (acquired immunodeficiency syndrome), the number of helper T cells is so low that the immune system has no effect on the spread of infections and normally mild infections become lethal.

   The two models we have just analyzed are good for predicting general trends in the course of viral infections.  The first model shows that when the reproductive rate of the virus is greater than one, the virus will spread in the body and reach a steady state. If the reproductive rate is less than one, the virus will die. When the immune system is included, the equations become slightly more complicated. This model is not as accurate at predicting the course of infection with the immune system, because it only includes the effects of one type of immune cell when in reality there are many different types of cells working together to clear out the invaders. It does, however, provide a general idea of what happens to the different populations during an infection.
