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Abstract:  Biology and mathematics are capable of producing intricate patterns in non-organic constructions (for example, sea shells, snowflakes, and sand dunes).  They can offer a range of patterns which will emerge spontaneously, given the correct starting conditions.  The theory which is currently gaining support says that life operates by using DNA to create the right starting conditions, and thereafter biology and math do all the rest.  The formation of patterns in biology has intrigued experimentalists and theoreticians for many generations.  Here we present a brief view on some mathematical models for pattern formation and then focus on the chemical means of pattern generation.  

In the quest for understanding biological growth, it was Alan Turing who first demonstrated how a simple model system of coupled reaction-diffusion equations could give rise to spatial patterns in chemical concentrations through a process of chemical instability.  He showed that this kind of system may have a homogeneous stationary state which is unstable against perturbations, such that any random deviation from the stationary state leads through diffusion to a symmetry break.  This process is called diffusion-driven instability.  Since complex spatial patterns are commonly found in nature, for example in animal skins and also in some polymer systems, it is quite natural to think that such pattern formations could be caused by some general physicochemical process.  Inspired by this notion, Turing systems have been proposed to account for pattern formation in various biological systems, i.e. patterns in fish, butterflies, and lady bugs.  Furthermore, the first experimental evidence of a Turing structure was observed quite recently in a single-phase open chemical reactor.
Shape and pattern are two aspects of the same thing – morphology, form in its most general sense.  The changes of morphology that occur during biological development of an organism are called “morphogenesis.”  Turing and his critics generally agree that both shape and pattern seem to be set up in embryos by the same mechanism, a prepattern of chemical changes that waits for the appropriate stage of development and ten triggers either pigments, to create pattern, or cellular changes, to create shape.  The disagreement comes when we ask for the detailed mechanism that sets up the prepatterns.  Not surprisingly, many of those changes have a genetic component – particular genes switch on simultaneously in row upon row of cells, stimulating the production of pigment, or causing the cells to modify their form and their mechanical or chemical properties. 

As mentioned above a Turing system describes temporal behavior of the concentrations of two reacting and diffusing chemicals or morphogens.  This can be represented in general by the following coupled reaction-diffusion equations 
Ut = DU∇2U + f(U, V )

Vt = DV ∇2V + g(U, V ),

(1)
where U ≡ U(_x, t) and V ≡ V (_x, t) are the morphogen concentrations, and DU and DV the corresponding diffusion coefficients setting the time scales for diffusion. The reaction kinetics is described by the two non-linear functions f and g.

In this paper we use the Turing model in which the reaction kinetics was developed by Taylor expanding the non-linear functions around a stationary solution (Uc, Vc), defined by f(Uc, Vc) = g(Uc, Vc) = 0. If terms of the fourth order and higher are neglected, the reaction-diffusion equations can be written as
ut = Dδ∇2u + αu(1 − r1v2) + v(1 − r2u)

vt = δ∇2v + v(β + αr1uv) + u(γ + r2v), 

(2)

where u = U −Uc and v = V −Vc. The parameters r1 and r2 set the amplitudes of the non-linear cubic and quadratic terms, respectively, serving as control for favoring a certain pattern formation.  In fact by gradually changing the nonlinear parameters we observe a transition from spotty (2D) or spherical droplet (3D) patterns to striped (2D) or lamellar (3D) patterns. In the equation the quantity D is the ratio of the diffusion coefficients of the two chemicals, and δ acts as a scaling factor fixing the size of the system. In the analysis of the model system we can without loss of generality fix α = −γ in order to have only one stationary state in the system.  Although the conditions for diffusion-driven instability to occur are widely known it should be mentioned that setting D /= 1 is a necessary but not sufficient condition for the diffusion-driven instability in 2D and 3D systems and that by restricting the parameter selection such that α ∈ (0, 1) and β ∈ (−1, 0) one is left with only two additional conditions, namely

−1 < β < −α,

α − 2sqrt(D|α|) > βD.
For the numerical integration of Eq. (2) the (finite) model system needs to be discretized.  Then in a three-dimensional cubic system, the wave number is of the form

|k| = (2pi/L) sqrt (n_x^2 + n_y^2 + n_z^2)
where L is the system size and nx, ny, nz are the wave number indices (Note that in a two-dimensional system nz = 0).  By adjusting the parameters and allowing only a few unstable modes, one can end up with several different parameter sets.


Turing’s theory had the right kind of feel, but it relied on invoking the existence of those special chemicals, the morphogens.  When biologists looked for these chemicals they couldn’t find them.  However, it’s a very delicate task to find particular chemicals in an organism, especially when you have no idea what the chemicals might be, so the biologists’ lack of success wasn’t conclusive.  Chemists did manage to establish that Turing’s mathematics applied to real chemicals.  A good example of real-word Turing patterns is the BZ reaction, with its concentric rings and rotating spirals

A BZ reaction.


Concentric rings and rotating spirals aren’t common on animals but reaction-diffusion equations can also produce a huge range of other patterns that do appear on animals.  Jim Murray has applied equations similar to Turing’s to the formation of dappling on giraffes and of stripes on zebras and on big cats, proving the memorable theorem that “an animal can have a spotted body and a striped tail, but not a striped body and spotted tail.”  Another apparent triumph for Turing patterns was the work of Maynard Smith, showing that hairs on the fruit fly occur in a variety of Turing like patterns, the genetic variants of which are also called Turing patterns.  This patterning is hard to explain if patterns are arbitrary consequences of DNA codes.

Due to the complexity of nature, researchers have not yet succeeded in developing a Turing system based model that would describe morphogenesis in essence, although specific examples such as skin coloring of animals have been modeled using Turing systems.  Turing systems show a very rich behavior from the pattern formation point of view, which means that by numerically solving these mathematically defined systems we obtain a variety of spatial patterns in two dimensions and structures in three dimensions, varying from spots to stripes and from lamellar to chaotic structures.  

To elaborate upon the mathematical details, Turing said in effect that if D=0 and C goes to the steady state solution of F(C*)=0, then under some circumstance the introduction of nonzero D can create spatial variations that produce patterns. 
For the problem to be properly formulated there must be boundary and initial conditions specified. Let B be the domain of the problem and let ∂B be the boundary of the domain. Then the boundary and intial conditions are: 

n·∇C = 0 on ∂B
C(r,0) = G(r).

Let C* be a solution to F(C)=0. C* is a solution which is uniform over space and thus ∇2C* = 0. Now consider a linearization of the equation about the point C*. Thus 

∂C/∂t = F(C) + D∇2C
∂C*/∂t=F(C*)+D∇2C*
∂c/∂t = γAc+ D∇2c


where c = C - C* and γA = [∂F/∂C], where γ is a nondimensional scale parameter that is proportional to the square of the linear dimension of a one dimensional system and the area of a two dimensional system. The existence of γ and its relation to the scale of the system requires further analysis.

  

In the absence of spatial variation in c the behavior of the system for |c| small is the same as the solution to the system: 

∂z/∂t = γAz 


This system is stable if all of the roots of the determinant equation 

det[λI - γA] = 0 


have negative real parts. In general, the product of all the roots of this equation when A is n×n is equal to γndet[A] and the sum of the roots is equal to γtr(A). 

For a two-component system the equation for the eigenvalues is: 

λ2 - γtr(A)λ + γ2det(A)= 0 


The condition that the real parts of both roots be negative is that the det(A) be positive and the trace of A be negative. These conditions are equivalent to both roots having the same sign and the sum of the roots being negative. 

Now let us go back to the equation that includes spatial variation and consider a separation of variables; i.e., c(r,t)= W(r)T(t) where W(r) is a scalar-valued function and 
T(t) is a vector function. Thus, 

W(r)∂T/∂t =
W(r)γAT(t) + ∇2W(r)DT(t) 


In order to proceed further it is necessary to limit W to functions which are solutions to the boundary value problem: 

∇2W(r)= -k2W(r)
r·∇W = 0 for r on ∂B. 


Now the system of equation is 

W(r)[∂T/∂t - γAT + k2DT] = 0 


For the solution for T(t) to be of the form exp(λt)T, we must have 

W(r)[λI - γA + k2D]T = 0 

and thus

det[λI - γA + k2D] = 0 


The λ's are the eigenvalues of the matrix M = γA - k2D. For spatial instability one of the eigenvalues for some value of k2 must have a positive real part. For k2 = 0 none of the eigenvalues has a real part. 

For a two-component system the equation satisfied by the eigenvalues is: 

λ2 - tr(M)λ + det(M) = 0 


In order for one of the solutions of the quadratic equation to have a positive real part for some value of k it is necessary that either: 
· the coefficient of λ is negative
· the constant term is negative

Since -tr(M) = -γtr(A) + k2tr(D) and tr(A) was assumed to be negative for steady state stability there is no way that the coefficient of λ, -tr(M), can be negative. Therefore the only way that at least one root can have a positive real value is that det(M) be negative for some value of k2. 

The graph shows the case that det(M) is negative for some value of k2. For this case to hold there must be a value of d such that for some value of k2 det(M)=0 and the derivative of det(M) with respect to k2 is also zero. The value of d such that det(M) is tangent to the k2 axis is called the critical value of d, dc. 
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