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Introduction:


This paper will review the SIR model and use it to represent the mumps outbreak that occurred in Iowa during 2006. The SIR model produces a mathematical explanation of an epidemic that is dependent on the number of individuals within a population that can be infected with the disease causing the epidemic. Because the exact number of individuals who were not immune to mumps in Iowa during this outbreak is unknown, this paper will compare two estimates and determine which of the two estimates is more probable.
Background:


Mumps is caused by a virus known as Infectious parotitus. While mumps is generally a mild disease and most people recover from it without any long term health problems, in some cases complications occur and infected people must be hospitalized [1]. Common symptoms include headache, fever, and swollen salivary glands under the jaw (see Fig. 1). Rarer symptoms include soar throat, cough and orchitis [2]. Orchitis, a more serious symptom, refers to swelling of the testicles. This occurs in about 20-30% of post pubescent males infected with mumps. A carrier of mumps is infectious for 3 days before, and for 4 days after any of the above symptoms appear. Because the day that symptoms appear is referred to as day 0, a person that has contracted mumps will be infectious for a total of 8 days or roughly 1 week [3].
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Figure 1: Young boy with swollen salivary gland.

Most people in this country receive a vaccine that protects them against mumps by the time they are two years old. This vaccine is part of a vaccine know as the MMR vaccine. The MMR vaccine also provides protection against the measles and rubella or the German measles. The mumps portion of this vaccine is 95% effective which means that 95 out of every 100 people who receive the vaccine have complete immunity against mumps [1].
The SIR model is a basic mathematical model that can be used to model epidemic outbreaks of a disease. It works by separating a population into three groups. These three groups are susceptibles (individuals who can contract the disease), infected (individuals who spread the disease to other people), and recovered (individuals who can no longer contract or spread the disease). These groups are denoted by S, I, and R, respectively. In this model the total population (N) is assumed to be unchanging and thus does not account for death and birth. As long as the population is large enough, this assumption does not affect the accuracy of the model. In the beginning of the epidemic, nearly all of the individuals in a population are members of the S group, but by the end of the epidemic most individuals have become members of the R group. The progress of the model is shown below.
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Figure 2: SIR population movement

The SIR model uses S, I, and R as functions of time (t) in order to model what happens to the population as time passes during the epidemic.
      S(t)= number of susceptible individuals in population at time t

I(t)= number of infected individuals in population at time t   
    R(t)= number of recovered individuals in population at time t
Because the total populations remains constant, at any given moment during the epidemic S(t) + I(t) + R(t) = N. In this paper, however, values of each group will be given as a fraction of the entire population rather than in actual numbers. In order to separate the two terms, fraction values will be denoted by lower case letters as follows.

     s(t)= S(t)/N (susceptible fraction of the population at time t)

i(t)= I(t)/N (infected fraction of the population at time t)

     r(t)= R(t)/N (recovered fraction of the population at time t)
Again, because the total population remains constant and each lower case letter refers to specific fraction of the population, at any point in time s(t) + i(t) + r(t) = 1.

Using s(t), i(t), and r(t) along with a few other parameters, it is possible to determine how the values of each three groups will change as time passes.
      s(t+1)= s(t) – bs(t)i(t)



r(t+1)= r(t)+ ki(t)



          i(t+1)= i(t)+ bs(t)i(t)-ki(t)=i(t)*(1+bs(t)-k)
In the equations above, k and b are as follows [4].

k=fraction of infected group that recovers


                            b=average number of transmissions possible from a given infected    person in a time period 


    
If we measure the time (t) in weeks and say that k= 1 week, which is approximately what k would be if we are considering cases of mumps, the equation for i(t+1) becomes much simpler.

i(t+1)= i(t)*(1+bs(t)-k)

i(t+1)= i(t)*(1+bs(t)-1)

i(t+1)= i(t)bs(t)

 
Modeling the Mumps Outbreak:


The paper is concerned with using the SIR model to accurately represent the mumps outbreak that affected the state of Iowa between January 1 and September 30 of 2006. During this particular epidemic, a total of 1959 contracted the mumps. The following figure was created using Excel [5-6].
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Figure 3: The amount of new mumps cases reported each week.
Now, using the data above and an estimation of the initial number of susceptible people in Iowa it is possible to calculate a b that describes this particular epidemic. According to Meghan Harris M.P.H., of the Iowa Department of Public Health, about 200,000 Iowans had no immunity to mumps at the beginning of this outbreak [7]. Thus, using her statement, our first estimate for s(0)=s1=200,000. The second estimate can be calculated using the total population of Iowa and a few facts. As of July 1, 2005, Iowa’s total population was 2,966,334 people [8]. Because some population growth would have occurred between July and January and for simplicity sake, this model will consider Iowa’s total population to be 2,970,000 people. According to the Nation Immunization Program, around 92% of children between the ages of 19 and 35 months received at least one dose of the MMR in 2005 [9]. If this statistic has remained relatively constant for the last two decades and most of the children who received one dose of the MMR vaccine went on to receive a second dose, then it is reasonable to conclude that 2,673,000 (90%) of the people in Iowa were immunized against mumps particularly considering that the average age of Iowans who contracted mumps was 22 and most people who became infected were around that age. This means that 297,000 people in Iowa were never immunized and 133,650 people in Iowa who received the vaccine were still susceptible to mumps. Therefore, by summing these two values the second estimate for s(0)= si2=430,650.

The fraction of the total amount of susceptible people who became infected at any given week was calculated in Excel by using the values shown in Figure 3 and one of the si estimates. The value at each time point (ie number of new cases each week) was divided by si1 or si2 to produce the following graphs.
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Figure 4: Calculated using si1.
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Figure 5: Calculated using si2.
Using the equation b= i(t+1)/i(t)s(t), b can be calculated from two consecutive data point in Figures 4 and 5. The first point is i(t) and the next point is i(t+1). Summing the total number of mumps cases that occurred before time t+1 and then dividing that number by si gives you the fraction of individuals who were either infected or recovered at time t. s(t) is simply this number subtracted from 1, since s(t) + i(t) + r(t) = 1. After calculating each b in Excel, the average of all the b’s calculated from each si was found. These values were b1=1.295 and b2=1.003. 

Now, because all the parameters have been defined, it is possible to use Matlab to graph each model. The following graphs were obtained by using the values found above and the sir.m file given in class.
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Figure 6: Model 1. Calculated with s1 and b1. Each group’s fraction of the total populations. 
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Figure 7: Model 2. Calculated with s2 and b2. Each group’s fraction of the total populations
As you can see, the graph created by using s1 and b1 (Model 1) does not accurately represent this outbreak. According to the data, i(t) peaked between April 8th and 22nd or about 15 to 17 weeks after the epidemic began. Yet, in Figure 6, i(t) peaks at 35 weeks after the epidemic began. Furthermore, if Model 1 was correct, then about 42% of the original susceptible population or 84,000 people would have gained resistance to mumps after this outbreak. That number is far too high, considering that only 1959 were infected with mumps. In fact, since such a small portion of the total original susceptible population became infected, Figure 7 (Model 2) is much more accurate. After this outbreak, the amount of the population that was removed from the susceptible group was only 0.00455%. During the week of April 8th, when 292 cases were reported, i(t) was at its largest. This portion of the population, however, was still extremely small and only amounted to 0.000678%. Due to this small portion, it was necessary to use much smaller y-values in order to see any change in i(t) and r(t). When the scale of the graph in Figure 7 was changed, the follow graph was obtained.
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Figure 8: Closer look at Figure 7.

Unlike Figure 7, Figure 8 demonstrates that Model 2 does show that some infection occurred and an extremely small portion of the population in Iowa moved to the recovered group. Model 2 still has some problems. First, like Model 1, this model predicts i(t) would peak much later than it did during the actual outbreak. Model 2 predicts that infection peaks around 30 weeks as opposed to the actual peak at 16 weeks. Second, the 2006 mumps outbreak only lasted about 40 weeks where as in Model 2 the outbreak lasts much longer.
Conclusion:

This paper suggests that Meghan Harris’s estimation of 200,000 susceptible Iowans was miscalculated. Graphs created using the SIR model and Matlab demonstrated that if si was equal to 200,000 people, the outbreak would have transpired very differently. According to the SIR model, 430,650 people is a better approximation of si. While this approximation was much better, the model created using it, Model 2, had two major problems. Model 2 predicted that infection would peak later and last longer than it did in the actual outbreak.
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